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1. Etale and tame
homotopy type



1.1 Problem in char p

For X /k a coherent scheme such that X7 is connected, there is an
exact sequence

1 — mét(X5) — n$'(X) — Gal(k/k) — 1.
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1.1 Problem in char p

For X /k a coherent scheme such that X7 is connected, there is an
exact sequence

1 — mét(X5) — n$'(X) — Gal(k/k) — 1.

This is called the fundamental sequence of étale fundamental
group.
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1.1 Problem in char p

For X /k a coherent scheme such that X7 is connected, there is an
exact sequence

1 — mét(X5) — n$'(X) — Gal(k/k) — 1.
This is called the fundamental sequence of étale fundamental
group.

For the topos Shv (X) we may associate its (profinite) shape
I1 (X) and call it the étale homotopy type of X.
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1.1 Problem in char p

For X /k a coherent scheme such that X7 is connected, there is an
exact sequence

1 — mét(X5) — n$'(X) — Gal(k/k) — 1.
This is called the fundamental sequence of étale fundamental

group.

For the topos Shv (X) we may associate its (profinite) shape
I1 (X) and call it the étale homotopy type of X.

1-truncation of II¢ (X) recovers the étale fundamental group of X.

We have a refinement of the fundamental sequence:

IS, (X7) — T, (X) — BGg ..
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1.1 Problem in char p

When e.g. k = Q,, the étale fundamental group is not finitely
generated due to the existence of wild ramifications in G@p'
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1.1 Problem in char p

When e.g. k = Q,, the étale fundamental group is not finitely
generated due to the existence of wild ramifications in G’Qp.

Consider a variant called tame fundamental group made up with

covers Y — X where the ramification index of valuative extension
1s prime-to-p:

Wi(X) = ll_r)nAut(Y/X)

Y
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1.1 Problem in char p

When e.g. k = Q,, the étale fundamental group is not finitely
generated due to the existence of wild ramifications in GQp.

Consider a variant called tame fundamental group made up with
covers Y — X where the ramification index of valuative extension
1s prime-to-p:

i (X) := lim Aut(Y / X).
%
Y
We can also define the tame site X, of a scheme X and the tame

homotopy type II%_(X) is the associated profinite shape of the
topos Shv, (X).
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1.2 Expected behavior

Similar to the étale homotopy theory, we may want the following
property for the tame homotopy type:

1. Rigidity of homotopy type, i.e., invariance under geometric base
change k C K for k separably closed.
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1.2 Expected behavior

Similar to the étale homotopy theory, we may want the following
property for the tame homotopy type:

1. Rigidity of homotopy type, i.e., invariance under geometric base
change k C K for k separably closed.

2. The fundamental fiber sequence

[T, (Xz) — 115 (X) — BGg,.
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1.2 Expected behavior

Similar to the étale homotopy theory, we may want the following
property for the tame homotopy type:

1. Rigidity of homotopy type, i.e., invariance under geometric base
change k C K for k separably closed.

2. The fundamental fiber sequence

[T, (Xz) — 115 (X) — BGg,.

3. Structure of higher homotopy groups: e.g. affine K (m, 1).
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1.2 Expected behavior
Similar to the étale homotopy theory, we may want the following
property for the tame homotopy type:

1. Rigidity of homotopy type, i.e., invariance under geometric base
change k C K for k separably closed.

2. The fundamental fiber sequence

[T, (Xz) — 115 (X) — BGg,.

3. Structure of higher homotopy groups: e.g. affine K (m, 1).

We focus on the rigidity.
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2. Stratification




2.1 Log geometry

Suppose j : X < X is a good compactification. The boundary
defines a logarithmic structure on X.
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2.1 Log geometry

Suppose j : X < X is a good compactification. The boundary
defines a logarithmic structure on X.

We consider Kummer étale topology.

Slogan: Kummer étale + divided cover = étale on log schemes.
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2.1 Log geometry

Suppose j : X < X is a good compactification. The boundary
defines a logarithmic structure on X.

We consider Kummer étale topology.
Slogan: Kummer étale + divided cover = étale on log schemes.

A purity result allows us to identify finite Kummer étale covers of
(Y, D) with finite étale covers of X “tame” along D.
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2.2 Stratified tame topos

Let X /S be a fs log scheme (or of type V) such that the underline
scheme X is coherent.

The topos &4 := Shvy, (X) is stratified under the spectral space
X7Zar := Shv(Open(X%T)).
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2.2 Stratified tame topos

Let X /S be a fs log scheme (or of type V) such that the underline
scheme X is coherent.

The topos &4 := Shvy, (X) is stratified under the spectral space
X7Zar := Shv(Open(X%T)).

By taking Kummer étale cover Y — X that is tame relative to .5,
we get a topos X, := Shv,(X) C Shv,, (X), again stratified.
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2.2 Stratified tame topos

Let X /S be a fs log scheme (or of type V) such that the underline
scheme X is coherent.

The topos &4 := Shvy, (X) is stratified under the spectral space
X7Zar := Shv(Open(X%T)).

By taking Kummer étale cover Y — X that is tame relative to .5,
we get a topos X, := Shv,(X) C Shv,, (X), again stratified.

Suppose there is a global chart a : P — M(X) for P a fs integral

monoid, then we have a continuous map

a: X” — Spec(P),z = P — o' (0% ).
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2.2 Stratified tame topos

Let X /S be a fs log scheme (or of type V) such that the underline
scheme X is coherent.

The topos &4 := Shvy, (X) is stratified under the spectral space
X7Zar := Shv(Open(X%T)).

By taking Kummer étale cover Y — X that is tame relative to .5,
we get a topos X, := Shv,(X) C Shv,, (X), again stratified.

Suppose there is a global chart a : P — M(X) for P a fs integral

monoid, then we have a continuous map
a: X” — Spec(P),z = P — o' (0% ).

Under some finiteness condition, the induced morphism stratifies
the associated topos:

——

X, — XZar Spec(P).
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3. Structure of IT’_(X)




3.1 Rigidity

With the above formulation we are able to prove:

Theorem 3.1.1 Let k be a separably closed field and k£ C K.
Let X /k be a coherent scheme admits a good compatification,
then we have an equivalence of pro-animae

IToo (X) = I, (Xk).
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3.1 Rigidity
The proof uses a rigidity of tame cohomology together with the
following relation:

Htl (X7 Z/p) = Homcont (7’(‘5 (X)7 Z/p)
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3.1 Rigidity
The proof uses a rigidity of tame cohomology together with the
following relation:

Htl (X7 Z/p) = Homcont (T‘-i (X)7 Z/p)

Theorem 3.1.2 Let k be a separably closed field of
characteristic p. Let £ C K, then for any coherent scheme
X /k that admits a good compatification we have

RFt(X7 Z/p(z)) = RFt<XK7 Z/p(’&))

where the theorem relies on the rigidity of syntomic cohomology.
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3.2 Speculations

Conjecture 1 (Exodromy for p-adic sheaves): Let X /S be a coherent
fs log scheme with some finiteness condition, char(S) = p, then
there is a category Gal’(X) such that

D.ons (X, Q) =~ Fun®s(Gal*(X), Perf(Q,)).

cons
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3.2 Speculations

Conjecture 1 (Exodromy for p-adic sheaves): Let X /S be a coherent
fs log scheme with some finiteness condition, char(S) = p, then
there is a category Gal’(X) such that

cons

D.ons (X, Q) =~ Fun®s(Gal*(X), Perf(Q,)).

Conjecture 2 (Affine(?) K (7, 1)): Under which condition on the
connected scheme X /k over an algebraically closed field is IT%_(X)
1-truncated?
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Thank you for listening!
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