Relative-to-absolute descent
Cheni Yuki Yang

1 Breuil-Kisin orientation

In this section we introduce the Breuil-Kisin orientation and show giving a Breuil-
Kisin orientation is equivalent to giving a normal orientation on a prism (B, I).
However, it is much more natural to give a Breuil-Kisin orientation instead of a
normal one.

In order to achieve this, we need a canonical model of Breuil-Kisin twist, parallel to
the stacky definition in [Dri20)].
Definition 1.1 For (B, I) a prism, the Breuil-Kisin twist can be written as a limit
B{1} :=lim I /I? (1.1)
‘a

where I, := Ip(I)...(¢%5 1) (I) and the transition map is the unique map which after
multiplying with p is the canonical map, provided (B, I) is transversal.

Remark 1.2 We have also the reduction to p compability, if (B, I) is a prism, then
B{1}/I .~ I /I?, see [[BL.22], Prop. 2.2.12].

Recall the set Orz (M) of R*-torsors for an invertible R-module M. We will refer
Org(I) to be the collection of usual orientations of (B, I) and Orz(B{1}) to the
collection of Breuil-Kisin orientations.

Also notice the Breuil-Kisin twist comes with an induced Frobenius map from ¢z in
the form of

o~

¢ppy s B{1} = B{1} ®pz, B— "' ®5 B{1} (1.2)

where the last isomorphism was constructed in [[BL22|, Const. 2.2.14]. This map is in
particular ¢ p-semilinear. With this construction, we are able to express the
compatibility of Breuil-Kisin orientation and the usual orientation of (B, I).

Proposition 1.3 A Breuil-Kisin orientation s : A — A{1} determines a unique
orientation d, of (B,I) such that

¢py(as) = dstpp(a)s. (1.3)
The corresponding map
Org(B{1}) — Orgz(I) (1.4)

is equuariant with respect to the action B* — B> given by



U . 1.5
o) (15)

Proof. By [|[BL22], Const. 2.2.14] the map
B{1} ®B’¢B—>I*1 ®p B{l},s®b|—>bg03{1}(s) (1.6)

is an isomorphism, we see that gy is uniquely determined by the generator of
I7' ® B{1}, i.e. a generator of the form d~! ® s. Now suppose s’ = us for u € B,

T us s .
then dy, = eo, 05 = op() d, by semilinearity. u

On the other hand, an orientation also determines a Breuil-Kisin orientation. In

general however, this is not the inverse map of the above formula. The following
special case helps though.

Proposition 1.4 If (B, (p)) is crystalline, then there is a unique Breuwil-Kisin
orientation s : B — B{1} such that d, = p and s = p" mod I? in B{1}.

Proof. Specialize the existence of Breuil-Kisin orientation for g-de Rham prism as in
[[BL22], Prop. 2.6.1] or chase the limit diagram defining Breuil-Kisin twist. [

Note d, = p is not enough to characterize s, as they might differ a unit u with ﬁu) =

1 by Proposition 1.3.

We can immigrate the previous discussions to the setting of filtered prism (F=*A,T),
assuming the filtration is complete. In particular, this works for our main example

(W (K)[[=]], E(2))-

Lemma 1.5

1. If (F=*A,I) is a complete filtered crystalline prism, then (A, I) is canonically
orientable in the above sense.

2. Conversely if (A, I) is filtered crystalline and complete, then for any d € I with
image p in gr’l, then there is a unique lift s : A — A{1} of the unique crystalline
Breuil-Kisin orientation on gr®A such that d, = d.

3. If (F=*A,I) is a complete filtered crystalline prism, for any two d,d’ € I with
image p in gr°I. Let u € (1+ leA)>< with d’ = ud. Let s and s" be the canonical
filtered crystalline Breuwil-Kisin orientation with d, = d and dy, = d’, then

s’ = (H cpr(u)) S. (1.7)

r>0

Proof. For 1, we may choose such an element d € I that reduced to p € gr’%I by
surjectivity. This is an equation modulo F=!. Since §(d) is a unit modulo F=1A and
F=*A is complete, it is also a unit in A. This makes (4, (d)) a prism and (A4, (d)) —
(A, I) is a map of prisms. By the rigidity [[BS19], Prop. 3.5] I = (d).



For 2, we notice each two lifts of Breuil-Kisin orientations differ by an element in
(14 F='B)”™, since the map u 5(a7 is an automorphism on (14 F='B)”, there
must exists a unique u = 1, we conclude.

For 3, let s’ =wvs and d, = ﬁds. The equation ﬁ = u is solved by v =
Hr> 0 # (u), by completeness this converges. [ |

2 Relative-to-absolute descent

Now for (A, I) a prism we fix a Breuil-Kisin orientation s : A — A{1}. The strategy
explained before turned the relative syntomic complex into a fiber of Nyygaard-
filtered prismatic complex

Z,(i)(R/A) ~ fib(N>hiy) (i} —" Ay {i}). (2.1

This is problematic because of the appearance of the twist. We explain how to use
the Breuil-Kisin orientation s to turn this into an isomorphic complex

. a1 can —p; 2 (1
fib (N2 N T— A;}A). (2.2)
Let o (=) = —®,4 o, A be the (p, I)-completed scalar extension along ¢4, as by the

construction we have ¢* (A{i}) = I"*A{i}, hence for any A-algebra R we have an A-
linear map

o (Apyali}) = ou(Lpya) ®a9a(A{i})

YRr/a®id
— AR/A‘X’AI TA{i} =T AR/A{Z}

(2.3)

We will write A%A{i} =% (AR/A{i}). Fix a Breuil-Kisin orientation s : A — A{1},
w(s?)

then there is an induced A-linear isomorphism A(I;} 4 — g} R

For simplicity we may assume we are treating with Nyygaard-complete object.

Lemma 2.1 The following diagram is commutative:

Pi,R/A
Ar)a > I ZAR/A 5 AR/A

w(si) J( J( st w(si) J(
PR/A

AR/A{Z} — I Agyali} — AR/A{Z}
\—/

LINIRO!

PR/A

Ifz € NZiAg}A, then ¢; g/a(z) = == (x). We will call the map ¢; g/ 4 the i-th
divided Frobenius. Henceforth, composing with w we have a map




¢(z) (2.4)

in) (1)
@t N='"Apyg = Dpjg i
/ / o(dy)

which is p-semilinear since w s.

Proof. Existence follows from the fact that both s* and w(s") are isomorphisms. We
check the description of ¢; g/ 4. As by Proposition 1.3 and the commutativity of the
diagram, we have

@R/A(xw(si)) = ds_iSOR/A(Tf)Si = <P¢,R/A($)3i- (2.5)

As s* invertible, we see that gpLR(A (z) = d;*pp a(z) in I""Ag, 4. By the definition of
Nyygaard filtration, if z € NZ"'AI%}A, we see that ¢; p/a(z) = dJ'pgr a(2) € A, 4. To
see this, one possible way is to restrict ourself to the case where L A has complete
Tor-amplitude [1, 1], for example, if R = Ok /w"™, we can define the Nyygaard
filtration by the pullback square

NZJAR/A{Z} — IjﬂAR/A{Z‘}

| l

) a{i} —— I A a {3}

by [[BS19], Theorem 15.2]. [ ]

Definition 2.2 The oriented syntomic complex is

, A can —p; A
Z,(i)(R/A, s') i= fib(NzlAg}A S Ag;A). (2.6)

Theorem 2.3 There is a natural equivalence

Z,(i)(R/A) ~ Z,(i)(R/A, s'). (2.7)

Now we switch to our main example, let R = O /w™ with K a valuation field with &k
its perfect residue field. For an Eisenstein polynomial E(z,) € W (k)[[z,]], we may
associate a prism structure on W (k)[[z,]]. This extends to W (k)[[zg, ---, 25]] and by
prismatic envelop we have

n _ o A
Arywyz,,..-.1 = W)z, -y ZS”{E?ZO)’ Z}E(zoz)o, . zé(z;)o} (2.8)

where we send all z; to @w. On this level, there is more compability than on the base
prism, for example, we have a map from AR/W(k)[[Zo,.-~,ZSH to AR/W(k)[[Zm---,ZsH]] taking
2z t0 2y, 1. This will only be compatible with the Eisenstein polynomial E(z,,) as a

prism structure, but in the envelop description, the element %Z_O;O ensures E(z,, ) —
E(z,) is divisible by E(z,), hence the choice E(z,) is not a matter.
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By [[AKN23]|, Theorem 1.2(6)], (notice W (k) — W (k)[[2,]] is flat and has Cech nerve
W (k)[[zg, -, 25]] in degree s), we have the descent diagram

By 13} = Tt (B 173 3 Brpwing - {1 5 ). (2.9)

Notice if R = O /w™, all terms are discrete and this is just a descent complex.
Similarly, there is an F-filtered version. If R = O /w"™, then the cotangent complex
Lp, 4 statisfies conditions in [[AKKN24], Theorem 2.20], and we may identify the
Nyygaard completion with F-completion.

Definition 2.4 For a filtered commutative z{W (k)|[[z,]]-algebra R, we have an
equivalence of diagrams

B (i = Tot(Bgwinyeg 1} 3 B (3 3 ) (2:10)
referred as the F-completed relative to absolute descent diagram.
3 Structure maps

The descent complex is isomorphic to the cobar complex associated to a Hopf
algebroid, as explained in [[AKN24], §4.3].

Definition 3.1 A Hopf algebroid is a pair of commutative rings (Ij, I7) with
following maps

I, ¢ I} > I ® I

nRaFO777L

such that (Spec I}, Spec I3) is a groupoid object in CRing®. A comodule over a Hopf
algebroid (Iy,I7) is a right I-module M together with a coaction M — M ®r, I}
with identities regarding counit and coassociativity.

Note that if n; = ng, then the pair is also called commutative Hopf algebra, this is a

very natrual object in algebraic topology, a prominent example is (7, F, E,(FE)) for
E € CAlg.

Construction 3.2 The pair (W (k)|[[z0]], W (k)[[29, 21]]) is @ commutative W (k) Hopf
algebroid, given by following assignments:

L. n(20) = 2.

2. nr(z) = 2.

3. e(zg) = 2g,e(21) = 2.

4. 1(zg) = 21, (21) = 2.



5. A(zy) = 29, A(21) = 25 under the identification
W(k)[[20, 2111 ®w(ry(1zo) W (F)[[205 21]] = W (K)[[20, 21, 22 ]]- (3.1)

If R is a commutative W (k)[[z,]]-algebra, then (W (k)[[z0]], R), (W (k)[[2o, #1]]), R) is
a Hopf algebroid in the category of §-pairs.

Theorem 3.3 Suppose Ly ., has p-completed Tor-amplitude [0, 1].

1. The pair (AR/W(k)HZOH,AR/W(]C)[[Z07Z1H> is completed filtered Hopf algebroid with
respect to the Hodge-Tate filtration and the cobar resolution identifies with the
Relative-to-absolute descent complex.

2. For each i € 7, AR/W(k)[[zO]]{i} is a comodule over the Hopf algebroid
(AR/W(k)[[ZOH7AR/W(k)[[207Z1H> and the descent complex identifies with its cobar
complez.

Proof. Prismatic cohomology is a symmetric monomial functor over §-pairs by [?77],
using the functoriality of Breuil-Kisin twists [[BL.22], Prop. 2.5.1] we get an
equivalence

By 9 [[z0,12) 1 Bbwisrioos BRWH[2),002.]] — BrRiwmlzg,e (3-2)

for any s > 2,0 < j <s. Taking j = 1 and s = 2 produces the comultiplication map
A, which is the only non-trivial map. [ |

The above result also holds for F-completed terms and Nyygaard-filtered Frobenius-
twisted terms, for the later one, remember the graded pieces are identified with
conjugated-filtered pieces of Hodge-Tate filtration, which has symmetric monoidality
inherited from the one of LQ_ =

Using the technique of prismatic envelope in [[AKN24], §3], we can describe the
structure map can — ¢, in the case of R = Ok /w"™. By the previous discussion, we
identify the computation of Ap{i} with the cobar complex associated to the Hopf

algebroid (AR/W(k)[[ZO]] , AR/W(k)[[zo,zl}] :

Proposition 3.4 Let a = %, b= 21(—z§()) and u = gg g =1+ ZE)=EE)p  Thep the

Zq z1—2g

structure maps in the Hopf algebroid ZAR/W(k)[[ZOH’AR/W(k)[[zo,zl]] are given by:

1. ng 2y = 29,0 = a.

27 20+ E(29)b)" _
2. Mg 2y 2y =29+ E(2y)b,a — E(;l) = ! 0+E(Fz(3) L,
3. €: z0|—>z0,a|—>abl—>0
4otz 2,0 5 ( )b|—>zo(z':"§:—bu_1
5. A z0|—>zo®1al—>a®1bl—>z2(z‘; b®1+u®b.

This works also for Frobenius-twisted case, where again use the prismatic envelope,
we fix fy =27 € N=LAY and 9o = 21 — 2y- Notice by [[AKN24], Proposition 3.33 &



3.34], the first one is sufficient to determine all generators, as they are free W (k)-
module by some monomial iterating a, b under 4.

However, the later maps are not compatible with é : N Z*A(l) — N ZP*A(I) as they
depend on orientations E(z,). This can be solved by calculating f,,, g, under § and
passing to quotient, or we can use the connection, as introduced in the next section,
we also prove the proposition by checking on graded pieces of F-filtration.

Finally we are also temped to describe the comodule structure on twists, note that by
Proposition 1.4, AR/W B([= ”{z} is the free AR/W (k) [[,"0dule by a single element s*

such that ¢(s) = 7, we have the following

E(Zo
Proposition 3.5 The coaction

Byt 00 11} = Bopwiizg 2 11} (3.3)
is given by sending s* — v's® where

v=[]¢" (u). (3.4)

r>0

Proof. The coaction map is induced by ng : 2, = 2; by definition, so it takes s with
d, = E(zy) to s’ with d,, = E(z,), by Lemma 1.5 (3), it takes s to vs. [ ]

The above proposition is compatible with w, so it works for Frobenius-twisted
version.

4 Connection

Even if we managed to know all structre maps, how can we compute this (likely)
infinite descent complex? We invoke again the Hodge-Tate comparison theorem, and
the fact that Lg g, has Tor-amplitude [0, 1], to see that AR and Ag) are
cohomologically 1-dimensional. This means that, by good truncation we see the
descent complex is quasi-isomorphic to the following 2-term complex

A - )
Doz 162 = Fer (B wioieg o (i} = Bz o 1) (A1)

The second term looks still mysterious, and we investigate it now.

First we need some more structural results about Hopf algebroids, we fix I' = (I}, I})
a Hopf algebroid and M a I'-right comodule, and we let I} to be a free left I)-module
(via ). For each left I})-linear map 6 : I} — I), we associate a natural map Vy :

id ®0
M — M as the composite M - M @ I} — M

Proposition 4.1 The above construction is a set-theoretic isomorphism between left
I,-linear homomorphisms and natrual endomorphism of the forgetful functor from
right I'-comodule to abelian groups.



Proof. We construct an inverse. For a natural endomorphism V evaluating on I, we
get a left I);-module homomorphism V : I} — I by naturality, since the left module
structure on I is given by composing the right coaction of Ijy and n;. Composing
with € : I} — I}y we get a left linear homomorphism 6 : I} — Ij,.

The bijectivity follows from the following two commutative diagrams:

Fl \Y% 0

NY

Iy ® Ih > I

id d®o
J(Ef@ld J(g
0

L » Io

\Y
M —————M

J, ideV J, id

M®FO L — M®FO I

id&

id® o M

Here, we can identify V with id,,; ® V by naturality, since — Qr, I is the colimit-
preserving functor from right Ij-modules to right I'-comodules. [ |

Under this identification, we expalin how to use V, to express some structure maps
in Hopf algebroid.

If b, is a basis of I} as a free left I,-module, let ° : T} — I}, be the dual basis of b,
and V. the associated natural transformation. For x € I}, we have

Az) = Z Vi (z) ® b, (4.2)

and for x € I}y we have

Nr(x) =Y Vi(z)b, (4.3)

where we view I}, as a trivial right I'-comodule.

Example 4.2 If T} is a free divided power algebra over I}, with a generator y such
that y is primitive, i.e. A(y) =y® 1+ 1® y. Let 0 be the dual basis of y, then
vo (y[n]) = y[n_l] —+ Zn>2 Z,L yme(y[n_2_l]) by the fact A(y[n}) = Z@ ym ® y[n_i} and



the previous formula of A. In particular, € o Vi is the dual basis of y". After suitable
completion, every V(z) may be expressed as a power series on the chosen V.

In this situation, we have a short exact sequence of left I\)-modules

nL Vo
0—-I, -1} -1 >0 (4.4)

and after apply the functor coBarp (M, —) we have a fiber sequence

Vo
coBarp(M,I)) = M — M (4.5)

as the formular for V, can be written as a strictly upper triangular matrix with ones
on the first off diagonal.

Now we specialize. Recall the prismatic envelope description gives us generators of
A
AR/W( W([z,2,]) 1S freely generated by [16%(9)

>x A a1 _ >k AT2x A Y N
Set =Ry vy 1} 1= F= Bz {1 — 1} and FEN=Rp ., {0} 1=
FZ*_lNZ*_lﬁR/W(k)HzO”{z' — 1}, we define the following map

ﬂ k)llzo,21]) 35 free AR/W k)[[z0])” -module, by ] 6%(b)¢", where e, < p. Similiarly,

e

« with e, < p.

Ny ] = NZ* AV '
02 F=N="Ag vy b1z, 1 = FZNZ2 Ry a2 18

) A (4.6)
. >% . > v :
0 F=*Apjw k129, 13 = F=*Bpywiy 20 183

as the AR/W(k)HzOH—linear map taking bs® (or gow(s®)) to s (or to w(s*"!)) and
other monomials to 0. Notice here it is essential to take a F-completed prismatic
cohomology, as we only define the maps over an F-complete basis.

Definition 4.3 The map V : F>*N>*AR/W Wz Vi — F>*N>*AR/W Wiz L1} 0r V
F= AR/W i — F= AR/W ., ti} defined as the composition of 7y — 7y, and 6
is called the connectlon map.

The main theorem of this section is the following;:

Theorem 4.4 There are commutative diagrams

NMr — 7L
F=* Nz 18— F=* Drywipizg = 1} — -
id l 0
V >
F=Apywzg it = F=*Agywl2l{i} ——— 0

and



NMr — "ML
F>*N>* A o 1) P PN A 0,o0 18} g

id o
A (1 * * e
FZ*NZ*AS%;W 1)[l%] ]{’l} —— F2*N= AR/W [[ZO]]{’L} 0

where the top rows are relative-to-absolute complexes and the vertical maps induce
quasi-isomorphims between the rows.

Proof. The proof goes by first showing the existence of a divided power basis over

* AL * AL :
(855w a2 B B w12, 20 (ngAR/Ww)nzowngAR/Wmuzo,zln)’ which
is generated by primitive elements b and g, this makes it the situation as in Example
4.2.

Both elements are primitive as by Proposition 3.4. We first show g, is the generator
of a divided power structure. Again as F-filtration is compatible with conjugate
filtration, by crystalline comparison theorem, we have a divided power structure on
the graded pieces of Frobenius-twisted term. On the other hand, explicitly we recall
[[AKN24], Lemma 3.24] that

u+1

g =(—p+d""\,) gy + R, (4.7)

Specialize to our cases, we see that

R = 5(3(;(;)%) _ (2 + g(;)é(d_)zo — 90 (4.8)

which is divisible by g, and has no constant terms as a gy-polynomial. Inductively

using the recursion formula for R, we see that all R;s are constant term free, thus
pUtl—1 pr >putt A (1)
R, € NEP R (g, )

Passing to graded piece gﬁ;qul we have
gt = (~p+ """ N9y +pd”" R, (4.9)

and thus g, has a p-th divided power. Again inductively this shows that g, has all

(p*]

divided powers. Since g, ° differs with g, by R, i.e, by some polynomials in

9o, --» §y_1, SO they form a basis.

For the non-Frobenius-twisted case, we apply the relative divided Frobenius ¢; JA>
and use the fact that we live in the F-completed world.

Next we show that with the map 6 the sequence

L Vo
0—-I—-I)—>I)—0 (4.10)
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is F-completely exact both for Frobenius twisted and non-twisted Hopf algebroids. It
suffices to check on graded pieces. In this case, we let y = b or y = g, and the claim
follows from Example 4.2.

Now we apply the functor coBarp (M, —) with the trivial right comodule I to the
exact sequence, yields a map of complexes

M—— M@, —— Me, Lo [, — ..

idl lid@@
Vg

M > M > 0

natural in M. If M is of the form N ®r, I} for a flat right I;-module, then this
becomes a quasi-isomorphim by exactness and the fact — Qr, I3 is colimit-preserving,
which is exactly our case. [ |

In particular, this theorem together with the analysis at the beginning of the section,
gives us an isomorphism

>% A . > A . o >k AV .
ker (F AR/W(k)[[zOvzﬂ]{Z} = F AR/W(k)[[zo,zl,zQH{7’}> — F AR/W(k)[[zO]]{Z}(411)

We denote canV, oV to be the maps after transporting can, ¢ along the isomorphism

6.

Corollary 4.5 The syntomic complex Z,(i)(R) is identified with the total fiber of the
square

| NZiy |

F2NZ Mgl — F2 N Do)

can — o, canY — %‘V
v

(1),v

> A (1) >x A
F=INryw (k) [20) Y FE AR w k) 124

All maps appear here are never linear, and are not compatible with any module
structure on terms. In fact, switching z, and z; yields completely different # and V!
Moreover, we notice that the map (piv is also uniquely characterized by the above
square, therefore we don’t need to calculate K and 6 explicitly.
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