
Logarithmic de Rham-Witt sheaf II
Cheni Yuki Yang

For 𝑆 a perfect scheme of characteristic 𝑝, we let Perf𝑆 be the category of perfect 𝑆-
schemes. Note that the forgetful functor Perf𝑆 → Sch𝑆 has a left adjoint by (⋅)pf :
Sch𝑆 → Perf𝑆, called the perfection of a scheme.

1 (derived) Duality of 𝑣(𝑟)
Proposition 1.1 For 𝐿 ∈ 𝐷𝑏(𝑆) a bounded above complex of quasi-coherent 𝒪︀𝑆-
modules, there is a perfect paring

𝐿 ⊗𝐷((Perf𝑆)ét,𝔽𝑝) 𝐿
∨[−1] →

≅
ℤ/𝑝. (1.1)

where ⊗ is the derived tensor product.

Proof. Viewing 𝐿 as a complex of étale sheaves of 𝔽𝑝-modules since 𝐿 is coherent, 
then 𝐿 is perfect, so 𝐿 is dualizable in 𝐷(𝑆ét, 𝔽𝑝) and we denote the dual by 𝐿∗. We 
show 𝐿∗ ≅ 𝐿∨[−1]

Now the Artin-Schreier sequence 0 → ℤ/𝑝 → 𝒪︀𝑆 →
1−𝐹

𝒪︀𝑆 → 0 yields an identification 
in 𝐷((Perf𝑆)ét, 𝔽𝑝):

𝐿∗ ≃ cofib(𝑅Hom(𝐿,𝒪︀𝑆) →
(1−𝐹)∗

𝑅Hom(𝐿,𝒪︀𝑆))[−1]. (1.2)

Next we identify 𝑅Hom(𝐿,𝒪︀𝑆). We may assume 𝐿 = 𝒪︀𝑆. Since étale sheaves are 
subcanonical and 𝒪︀𝑆 is represented by 𝔾𝑎, we are ready to classify Hom𝔽𝑝(𝔾𝑎, 𝔾𝑎), 
which is 𝒪︀𝑆[𝐹 ] by [[DGB70], VIIA.4.2.1], thus globally we get an equivalence

𝑅HomShv((Perf𝑆)ét,𝔽𝑝)
(𝐿, 𝒪︀𝑆) ≅⨁

𝑛≥0
𝑅Hom𝒪︀𝑆((𝐹

𝑛)∗𝐿,𝒪︀𝑆). (1.3)

As 𝑆 is perfect, 𝐹  is a finite isomorphism, therefore 𝐹 ! exists and is equivalent to 𝐹∗. 
But on 𝒪︀𝑆 the pushforward of an isomorphism induces an isomorphism of 𝔽𝑝-
modules. We can now use the well-known Verdier duality result on perfect complexes 
to show

𝑅Hom𝒪︀𝑆((𝐹
𝑛)∗𝐿, (𝐹𝑛)!𝒪︀𝑆) ≅ (𝐹𝑛)

!𝑅Hom𝒪︀𝑆(𝐿, 𝒪︀𝑆) ≅ 𝐹
𝑛
∗ 𝐿∨ ≅ 𝐿∨. (1.4)

We just need to compute the cofiber of (1 - F)-endomorphism induced on ⨁𝑛≥0 𝐿
∨.

𝐹  acts on (𝑥0, 𝑥1,…, ) by shifting by construction, hence

(1 − 𝐹)(𝑥0, 𝑥1,…, ) = (𝑥0, 𝑥1 − 𝑥0,…, ) (1.5)

and an easy calculation shows

0 →⨁
𝑛≥0

𝐿∨ →
1−𝐹

⨁
𝑛≥0

𝐿∨ →
∑
𝐿∨ (1.6)
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is a cofiber sequence. Hence the cofiber of 1 − 𝐹  is concentrated on degree zero and is 
quasi-isomorphic to 𝐿∨. ∎

Let 𝜋 : 𝑋 → 𝑆 be a proper smooth morphism whose fibers have dimension 𝑚. We 
have the following duality result:

Warning: Milne’s proof contains a gap, it relies on 𝑣(𝑟) to be a locally free coherent 
𝑂𝑋-modules, which is not true. The correct argument can be found in [[Ber81], 
Théorème 3.5].

Theorem 1.2 [[Mil76], Theorem 2.4] There is a quasi-isomorphism of complexes

𝑅𝜋∗𝑣(𝑟) → 𝑅Hom(𝑅𝜋∗𝑣(𝑚 − 𝑟), ℤ/𝑝) (1.7)

induced by the paring 𝑣(𝑟) × 𝑣(𝑚 − 𝑟) → 𝑣(𝑟) and the trace map

𝜂 : 𝑅𝜋∗𝑣(𝑚) → ℤ/𝑝. (1.8)

Proof. The trace map was explained in the previous talk, as the composition

𝜂 : 𝑅𝜋∗𝑣(𝑚) → 𝑅𝜋∗fib(Ω𝑚𝑋/𝑆 →
1−𝐶

Ω𝑚𝑋/𝑆) → fib(𝒪︀𝑆 →
1−𝐹−1

𝒪︀𝑆) → ℤ/𝑝. (1.9)

We show

𝑅𝜋∗𝑣(𝑟) ≃ 𝑅Hom(𝑅𝜋∗𝑣(𝑚 − 𝑟),𝑅𝜋∗𝑣(𝑚)). (1.10)

Now as 𝑣(𝑟) = fib(Ω𝑟𝑋/𝑆,𝑑=0 →
1−𝐶

Ω𝑟𝑋/𝑆), it suffices to show

𝑅𝜋∗Ω𝑟𝑋/𝑆,𝑑=0 →
≃ 𝑅Hom𝔽𝑝(𝑅𝜋∗Ω

𝑚−𝑟
𝑋/𝑆,𝑑=0, ℤ/𝑝)[1]

𝑅𝜋∗Ω𝑟𝑋/𝑆 →
≃ 𝑅Hom𝔽𝑝(𝑅𝜋∗Ω

𝑚−𝑟
𝑋/𝑆 , ℤ/𝑝)[1]

(1.11)

and some commutativities(which we handled last time). This is clear from last 
proposition and the Grothendieck duality

𝑅𝜋∗Ω𝑚𝑋/𝑆 ≃ 𝒪︀𝑆. (1.12)

(We claim 𝑅𝜋∗𝑣(𝑟) is bounded in 𝐷(Shvét(𝑋, 𝔽𝑝)), this is because 𝜋 is smooth hence 
étale and of relative dimension 𝑚.) ∎

In fact, the [1] shift from Artin-Schreier sequence is the reason why we have a shifting 
of the duality of cohomology, as in the last time. On the derived version it vanishes, 
give a “perfect” duality.

From the identity

𝑅𝜋∗𝑣(1) ≅ 𝑅𝜋∗𝑅𝑓∗𝜇𝑝 (1.13)

where 𝑓 : 𝑋fl → (Perf𝑋/𝑆)ét the canonical site map, we immediately have the 

following isomorphism

2



𝑅(𝜋𝑓)∗𝜇𝑝 ≅ 𝑅Hom(𝑅(𝜋𝑓)∗𝜇𝑝, ℤ/𝑝) (1.14)

for 𝑚 = 2, e.g., a smooth proper surface over 𝔽𝑝.

Recall there is a classification theorem for perfect algebraic unipotent group schemes 
over characteristic 𝑝: each group has a composition series with quotient 𝔾𝑎 or ℤ/𝑝. 
By the first proposition this yield an autoduality for all such group schemes. 
Combinin this with the previous theorem we have the following.

Corollary 1.3
1. The étale sheaf 𝑅𝑖𝜋∗𝑣(𝑟) is represented by a perfect unipotent group scheme 𝐺𝑖(𝑟).
2. Let 𝑈 𝑖(𝑟) be the connected component of 𝐺𝑖(𝑟), then 𝑈 𝑖(𝑟) is 𝑂𝑆-linearly dual to 
𝑈𝑚+1−𝑖(𝑚 − 𝑟).

3. Let 𝐷𝑖(𝑟) ≔ 𝐺𝑖(𝑟)/𝑈 𝑖(𝑟), then there is a perfect paring of étale group scheme

𝐷𝑖(𝑟) × 𝐷𝑚−𝑖(𝑚 − 𝑟) → ℤ/𝑝. (1.15)

2 Iterated Cartier operator
We now turn our attention to generalized the fundamental exact sequence to higher 
dimension. We introduce the iterated Cartier operator over a (perfect) 𝔽𝑝-scheme 𝑆 
first.

Let 𝑋 → 𝑆 be a smooth 𝑆-scheme, denote 𝑋(𝑝𝑛) the 𝑛-th iterated pullback of 𝑋 → 𝑆 
along 𝐹 : 𝑆 → 𝑆 the absolute Frobenius. Similarly the absolute Frobenius on 𝑋 
induces a relative Frobenius 𝐹𝑛𝑋/𝑆 : 𝑋 → 𝑋(𝑝𝑛) and is canonical equal to

𝐹𝑛𝑋/𝑆 = 𝐹𝑋(𝑝𝑛−1)/𝑆 ∘ … ∘ 𝐹𝑋/𝑆. (2.1)

As we know from the last talk, the Cartier inverse becomes an isomorphism if 𝑋 → 𝑆 
is smooth. In this case we set the sheaf of abelian groups as follows.

Definition 2.1 Let

𝐵0Ω𝑖𝑋/𝑆 ≔ 0,𝐵1Ω𝑖𝑋/𝑆 ≔ 𝑑Ω𝑖−1𝑋/𝑆

𝑍0Ω𝑖𝑋/𝑆 ≔ Ω𝑖𝑋/𝑆, 𝑍1Ω
𝑖
𝑋/𝑆 ≔ Ω𝑖𝑋/𝑆,𝑑=0

(2.2)

and iteratively

𝐵𝑛Ω𝑖𝑋(𝑝)/𝑆 →
𝐶−1
𝑋/𝑆

≃
𝐵𝑛+1Ω𝑖𝑋/𝑆/𝐵1Ω

𝑖
𝑋/𝑆

𝑍𝑛Ω𝑖𝑋(𝑝)/𝑆 →
𝐶−1
𝑋/𝑆

≃
𝑍𝑛+1Ω𝑖𝑋/𝑆/𝐵1Ω

𝑖
𝑋/𝑆.

(2.3)

Inspecting the concrete behaviour of 𝐶−1𝑋/𝑆, we see that 𝑍𝑛Ω𝑖𝑋/𝑆 and 𝐵𝑛Ω𝑖𝑋/𝑆 have a 
structure of 𝒪︀𝑋(𝑝𝑛)-modules and the Cartier inverse induces an isomorphism of 
𝒪︀𝑋(𝑝𝑛+1)-modules:
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𝐶−1𝑋/𝑆 : 𝑍𝑛Ω
𝑖
𝑋(𝑝)/𝑆/𝐵𝑛Ω

𝑖
𝑋(𝑝)/𝑆 →

≃ 𝑍𝑛+1Ω𝑖𝑋/𝑆/𝐵𝑛+1Ω
𝑖
𝑋/𝑆. (2.4)

For 𝜋 : 𝑋 → 𝑆 the 𝑛-th Cartier inverse is a map

𝐶−𝑛𝑋/𝑆 : Ω
𝑖
𝑋(𝑝𝑛)/𝑆 → 𝑍𝑛Ω𝑖𝑋/𝑆 (2.5)

and if 𝜋 if smooth then it induces an isomorphism

𝐶−𝑛𝑋/𝑆 : Ω
𝑖
𝑋(𝑝𝑛)/𝑆 →

≃ 𝑍𝑛Ω𝑖𝑋/𝑆/𝐵𝑛Ω
𝑖
𝑋/𝑆. (2.6)

We can describe 𝑛-th “closed” and “exact” forms in terms of logarithmic differentials 
𝑑 log 𝑥 ≔ 𝑑𝑥/𝑥.

Proposition 2.2
1. 𝑍𝑛Ω𝑖𝑋/𝑆 and 𝐵𝑛Ω𝑖𝑋/𝑆 are all free coherent 𝒪︀𝑋(𝑝𝑛)-module compatible with base 

change.
2. 𝐵𝑛Ω𝑖𝑋/𝑆 is locally generated by sections 𝑥𝑝

𝑟−1
1 …𝑥𝑝

𝑟−1
𝑖 𝑑𝑥1…𝑑𝑥𝑖 with 𝑥1,…, 𝑥𝑖 ∈ 𝒪︀𝑋 

and 0 ≤ 𝑟 ≤ 𝑛 − 1. Equivalently, is generated by 𝑥𝑝
𝑟

1 𝑑 log 𝑥1…𝑑 log 𝑥𝑖 for 𝑥1,…, 𝑥𝑖 ∈
𝒪︀×𝑋 and 0 ≤ 𝑟 ≤ 𝑛 − 1.

3. 𝑍𝑛Ω𝑖𝑋/𝑆 is locally generated by 𝐵𝑛Ω𝑖𝑋/𝑆 and sections 𝑎𝑥𝑝
𝑛−1
1 …𝑥𝑝

𝑛−1
𝑖 𝑑𝑥1…𝑑𝑥𝑖 for 

𝑥1,…, 𝑥𝑖 ∈ 𝒪︀𝑋 and 𝑎 ∈ 𝒪︀𝑋(𝑝𝑛) , or equivalently 𝑎𝑑 log 𝑥1…𝑑 log 𝑥𝑖 for 𝑥1,…, 𝑥𝑖 ∈ 𝒪︀×𝑋 
and 𝑎 ∈ 𝒪︀𝑋(𝑝𝑛) .

Proof. We prove the first statement by induction, 𝑛 = 0, 1 is trivial or handled by 
Cartier. As these sheaves are étale sheaves, we reduce to the case where 𝑋 = 𝔸𝑛𝑆. By 
base change we can further reduce to 𝔸𝑛𝔽𝑝 . Fix an algebraic closure 𝑘 of 𝔽𝑝 and denote 
𝑋 be the extension of scalars. Then 𝑍𝑛Ω𝑖𝑋/𝑆 and 𝐵𝑛Ω𝑖𝑋/𝑆 are coherent in one open 
dense subset by [[Sta26], 051S]. Translating by 𝑘-points we show they are free 
everywhere.

For the second statement. Still there is nothing to prove for 𝑛 ≤ 1. We calculate

𝐶−1𝑋/𝑆(𝑥
𝑝𝑟−1
1 …𝑥𝑝

𝑟−1
𝑖 𝑑𝑥1…𝑑𝑥𝑖) = 𝑥

𝑝𝑟−1−1
1 …𝑥𝑝

𝑟−1−1
𝑖 𝑑𝑥1…𝑑𝑥𝑖mod𝐵1

𝐶−1(𝑥𝑝𝑟𝑑 log 𝑥1…𝑑 log 𝑥𝑖) = 𝑥
𝑝𝑟−1
1 𝑑 log 𝑥1…𝑑 log 𝑥𝑖mod𝐵1

(2.7)

together with inductions we shows 2.

Finally 3. is analog to 2. ∎

3 Étale-local description of 𝑣(𝑟)
This section was not covered in [Mil76], but Milne gave some evidences of the 
description of 𝑣(𝑟) using logarithmic differentials (he only computed for 𝑟 = 2). This 
was later worked out by Bloch and was written in [Ill79], thus we can justify the 
name of 𝑣(𝑟) and extend to higher torsion groups.
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The following theorem is due to Bloch.

Theorem 3.1 [[Ill79], 0.2.4.2] For 𝑟 ≥ 1, the sheaf 𝑣(𝑟) is an étale sheaf over 𝑋 and 
is (étale locally) generated by logarithmic differentials, i.e. sections of the form 
𝑑 log 𝑥1…𝑑 log 𝑥𝑟 for 𝑥1,…, 𝑥𝑟 ∈ 𝒪︀×𝑋.

Proof. Wlog we can assume 𝑆 is affine and write it as a filtered colimit of 𝔽𝑝-algebras 
of finite type. Since 𝑊 ∗ −𝐶𝑋/𝑆 commutes with filtered colimits, it suffices to show 
the theorem for 𝑆 an 𝔽𝑝-algebra of finite type and 𝑋 a scheme of finite type over 𝑆.

Next we reduce to the case where 𝑆 is reduced.

Lemma 3.2 Let 𝐼 ⊂ 𝑆 a square zero ideal and 𝑆′ the associated closed subscheme of 
𝑆. Suppose the theorem holds for 𝑋𝑆′/𝑆′, then it holds for 𝑋/𝑆.

Proof. Let 𝜔 be a closed 𝑟-form of 𝑋 over 𝑆 and 𝜔′ be the image of 𝜔 in Ω𝑟𝑋𝑆′/𝑆
. 

Suppose 𝜔′ = ∑𝑑 log 𝑥𝑖, Since 𝒪︀×𝑋 → 𝒪︀×𝑋𝑆′
 is surjective and 𝑈 ′ → 𝑋′ → 𝑋 is étale for 

each étale map 𝑈 → 𝑋′, by linearity we see (after localize in étale topology) it 
suffices to assume 𝜔′ = 0. Then 𝜔 ∈ 𝐼Ω𝑟𝑋/𝑆 and 𝜔𝑝 = 0, thus 𝜔 is killed by 𝑊 ∗. By 
definition we have

𝑣(𝑟) = ker(𝐶𝑋/𝑆) ∩ 𝐼Ω𝑟𝑋/𝑆,𝑑=0 = 𝐼Ω
𝑟
𝑋/𝑆, ex (3.1)

by the definition of Cartier operator.

Now according to Proposition 2.2 every section of exact forms is locally a sum of the 
form 𝑑𝑥1𝑑 log 𝑥2…𝑑 log 𝑥𝑟. It suffices to show for 𝑎 ∈ 𝐼, 𝑥 ∈ 𝒪︀𝑋, 𝑎𝑑𝑥 is a logarithmic 
differential. Notice as 𝑎2 = 0 we have

𝑎𝑑𝑥 = −𝑑 log(1 − 𝑎𝑥) (3.2)

and we can conclude. ∎

Now we assume 𝑆 is reduced, then 𝑊 ∗ is injective. Then the exact sequence

0 → 𝑣(𝑟) → Ω𝑟𝑋/𝑆,𝑑=0 →
1−𝐶

Ω𝑟𝑋/𝑆 (3.3)

yields an exact sequence

0 → 𝑣(𝑟) → Ω𝑟𝑋/𝑆,𝑑=0/Ω
𝑟
𝑋/𝑆, ex →

𝑊 ∗−𝐶
Ω𝑟𝑋(𝑝)/𝑆/Ω

𝑟
𝑋(𝑝)/𝑆, ex. (3.4)

Let 𝐿 be the free sheaf of 𝔽𝑝-algebra generated by 𝒪︀×𝑋. For a section 𝑥 ∈ 𝒪︀×𝑋, we 
denote 𝑑 log𝑥 be the image in 𝐿. The 𝔽𝑝-linear map

∏
1≤𝑖≤𝑟

𝒪︀×𝑋 → Ω𝑟𝑋/𝑆,𝑑=0, (𝑥1,…, 𝑥𝑖) ↦ 𝑑 log 𝑥1…𝑑 log 𝑥𝑖 (3.5)

induces an 𝔽𝑝-linear map Λ𝑟𝐿 → Ω𝑟𝑋/𝑆,𝑑=0 and by base change an 𝒪︀𝑋(𝑝)-linear map
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𝜑 : 𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 →ℋ︀𝑟(Ω⋅𝑋/𝑆) (3.6)

that sends (𝑎𝑑 log𝑥1…𝑑 log𝑥𝑟) to [𝑎𝑑 log 𝑥1…𝑑 log 𝑥𝑟].

Lemma 3.3 𝜑 is surjective.

Proof. Since 𝒪︀𝑋 is additively generated by 𝒪︀×𝑋, every section of Ω𝑟𝑋(𝑝)/𝑆 is a sum of 
𝑎𝑊 ∗(𝑑 log 𝑥1…𝑑 log 𝑥𝑟) with 𝑎 ∈ 𝒪︀𝑋(𝑝) and 𝑥1,…, 𝑥𝑟 ∈ 𝒪︀×𝑋. Apply 𝐶−1𝑋/𝑆 we see it sends 
such a section to [𝑎𝑑 log 𝑥1…𝑑 log 𝑥𝑟] and we may conclude since 𝐶−1𝑋/𝑆 is an 
isomorphism. ∎

On the other hand, pulling back along 𝑊 ∗ gives an 𝒪︀𝑋(𝑝)-linear map

𝑢 : 𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 → Ω𝑟𝑋(𝑝)/𝑆 (3.7)

and induces an 𝒪︀𝑋(𝑝)-linear map

𝜓 : 𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 → Ω𝑟𝑋(𝑝)/𝑆/𝑑Ω
𝑟−1
𝑋(𝑝)/𝑆. (3.8)

These two maps are also surjective.

From the commutative diagram

𝜑

(1 − 𝐹) ⊗ 1 𝑊 ∗ −𝐶𝑋/𝑆
𝜓

𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 ℋ︀𝑟(Ω⋅𝑋/𝑆)

𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 Ω𝑟𝑋(𝑝)/𝑆/𝑑Ω
𝑟−1
𝑋(𝑝)/𝑆

we have a commutative diagram with exact columns:

𝜑

(1 − 𝐹) ⊗ 1 𝑊 ∗ −𝐶𝑋/𝑆
𝜓

0 0 0

0

0

0

0 0

0

0

𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 ℋ︀𝑟(Ω⋅𝑋/𝑆)

𝒪︀𝑋(𝑝) ⊗ Λ𝑟𝐿 Ω𝑟𝑋(𝑝)/𝑆/𝑑Ω
𝑟−1
𝑋(𝑝)/𝑆

𝑅𝑟

𝑁𝑟

𝑃 𝑟

𝑄𝑟 𝑣(𝑟)
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Essentially we need to show 𝑄𝑟 → 𝑣(𝑟) is surjective, which is equivalent of showing 
𝑁𝑟 → 𝑃 𝑟 is surjective. For 𝑟 ≤ 1 this is again clear by Lemma 3.3. We need to prove 
the following lemma.

Lemma 3.4 For 𝑟 ≥ 2, 𝑃 𝑟 is generated by 𝑦𝑑 log𝑥2…𝑑 log𝑥𝑟 for 𝑥2,…, 𝑥𝑟 ∈ 𝒪︀×𝑋 and 
𝑦 ∈ 𝑃 1.

Proof. Let 𝑀𝑟 ≔ ker(𝑢) ⊂ 𝑃 𝑟 and 𝑧 ∈ 𝑃 𝑟, then 𝑢(𝑧) ∈ 𝑑Ω𝑟−1𝑋(𝑝)/𝑆. From Proposition 2.2 
we see it is a sum of 𝜆𝑊 ∗(𝑑𝑥1𝑑 log 𝑥2…𝑑 log 𝑥𝑟) for 𝜆 ∈ 𝒪︀𝑆 and 𝑥1,…, 𝑥𝑟 ∈ 𝒪︀×𝑋. Since 
𝜆𝑊 ∗(𝑥1)𝑑 log𝑥1 ∈ 𝑃 1, wlog we may assume 𝑢(𝑧) = 0, hence 𝑧 ∈ 𝑀𝑟. But exterior 
product is right exact, hence 𝑀𝑟 is determined by 𝑀1, hence 𝑧 is generated by 
𝑦𝑑 log𝑥2…𝑑 log𝑥𝑟 with 𝑦 ∈ 𝑀1 and 𝑥2,…, 𝑥𝑟 ∈ 𝒪︀×𝑋. ∎

In one remark by Illusie, he claimed he did not know whether 𝑣(𝑟) is Zariski-locally 
generated by logarithmic differentials. Nowadays we known this is true by Bloch-
Gabber-Kato as in [[BK86], Theorem 2.1], where the correct intermediate used was 
the Milnor 𝐾-theory mod𝑝.

The proof of this fact is much more elegant. The injectivity follows by descent to a 
purely transcendental extension of a perfect field. And the surjectivity follows by 
reduce to a semi-localized Dedekind domain (so passing to radical we have a well 
defined base) and do the induction. In particular, this isomorphism still holds for 
higher 𝑝-torsion, which we will handle in the next talk.
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